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Abstract
In this paper we consider the problem of spontaneous supersymmetry breaking in
N = 4 supergravity interacting with vector multiplets. We start with the ordinary ver-
sion of such model with the scalar field geometry SU(1, 1)/U(1) ⊗ SO(6,m)/SO(6) ⊗
SO(m). Then we construct a dual version of this theory with the same scalar field
geometry, which corresponds to the interaction of arbitrary number of vector multi-
plets with the hidden sector, admitting spontaneous supersymmetry breaking without
a cosmological term. We show that supersymmetry breaking is still possible in the
presence of matter fields.
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1 Introduction
In this paper we continue our investigation of the problem of spontaneous supersymmetry
breaking in extended supergravities started in [1], where N = 3 case have been consid-
ered. For the N = 4 supergravity the only natural candidate for the model of supergravity
— vector multiplets interaction is the one with the scalar field geometry SU(1, 1)/U(1) ⊗
SO(6, m)/SO(6) ⊗ SO(m) [2]. Such a model has indeed been constructed some time ago
[3, 4, 5, 6], in this the whole group SO(6, m) turned out to be the symmetry of the Lagrangian
and not that of the equations of motion only. So in this aspect the N = 4 supergravity seems
to be drastically different from N = 3 theory, but it is important to note that the N = 4 su-
pergravity multiplet itself contains couple of scalar fields, describing the non-linear σ-model
SU(1, 1)/U(1). This leads to the existence of the dual versions for this theory, the most
known cases being SO(4) [7] and SU(4) [8, 9] theories. But in turn, this should lead to the
existence of dual versions for N = 4 supergravity — vector multiplet interaction as well. In
[10] the hidden sector for N = 4 supergravity was constructed, which was the dual version
for the system N = 4 supergravity with six vector multiplets and admitted the spontaneous
supersymmetry breaking without a cosmological term. In this paper we start with the ordi-
nary version for vector multiplets interaction and then, using the fact that all dual versions
have the same scalar field geometry, we manage to construct the model, which turns out to
be the generalization of our hidden sector to the case of arbitrary number of vector multi-
plets. Moreover, we show that the spontaneous supersymmetry breaking is still possible in
the presence of matter fields.
2 Ordinary version
Let us start with a well known model of vector multiplets — N = 4 supergravity interaction
when the scalar fields describe the non-linear σ-model [SU(1, 1)/U(1)]⊗ [SO(6, m)/SO(6)⊗
SO(m)]. We need the following set of fields: graviton eµr, gravitini Ψµi, i = 1, 2, 3, 4, vector
fields Aµ
A, A = 1, 2, ...m + 6, gAB = diag(− − − − −−,+...+), majorana spinors ΩiA and
λα
i, α = 1, 2, real scalars Φa
A, a = 1, 2, ...6 and complex scalars zα. In this, the spinor and
scalar fields must satisfy the following constraints:
SU(1, 1)/U(1) : zαz¯α = −2, zαλα = 0 (1)
SO(6, m)/SO(6)⊗ SO(m) : ΦaAΦAb = −δab, ΦaAΩA = 0 (2)
In such formulation the theory have local O(6)⊗U(1) invariance, where the corresponding
covariant derivatives look like, e.g.:
DµΦa
A = ∂µΦa
A − (Φa
↔
∂µ Φb)Φb
A, ΦaDµΦb = 0
Dµz
α = ∂µz
α +
1
2
(z¯∂µz)z
α z¯αDµz
α = 0
DµΩ
A = DgµΩ
A +
1
4
(Φa
↔
∂µ Φb)Σ
abΩA +
1
4
(z¯∂µz)Ω
A (3)
Dµλα = D
g
µλα −
1
4
(Φa
↔
∂µ Φb)Σ
abλα − 1
4
(z¯∂µz)λα
1
Dµη = D
g
µη +
1
4
(Φa
↔
∂µ Φb)Σ
abη − 1
4
(z¯∂µz)η
For the case of abelian vector multiplets the full Lagrangian (omitting four fermionic
terms) has the form:
L1 = −1
2
R +
i
2
εµνρσΨ¯µγ5γνDρΨσ +
i
2
Ω¯DˆΩ +
i
2
λ¯Dˆλ+
1
2
DµΦaDµΦa +
+
1
2
Dµz
αDµz¯α − 1
2
Ω¯γµγνDνΦaτ¯
aΨµ − 1
2
λ¯αγ
µγνDνz
αΨµ
−1
4
1
|Kz¯|2
{
(Aµν)
2 + 2(ΦaAµν)
2
}
− γ5
4
{
M¯z
K¯z
− Mz¯
Kz¯
}
(AµνA˜µν) +
+
1
4
Ψ¯µ
1
Kz¯
(Aµν − γ5A˜µν)Φaτ¯aΨν + i
4
Ω¯γµ(σA)
1
Kz¯
Ψµ −
− i
8
λ¯αγ
µ εαβz
β
K¯z
(σA)Φaτ¯
aΨµ +
1
8
Ω¯A(σA)Φaτ¯
a 1
K¯z
ΩA +
+
1
4
Ω¯(σA)
z¯αε
αβ
Kz¯
λβ (4)
where
K¯z = (K¯αz
α), M¯z = (M¯αz
α) (5)
and Kα, Mα – constant vectors, satisfying the relations:
Kα = εαβK¯
β, (K¯αMα) =
1
2
(6)
Here we introduced six antisymmetric matrices (τa)ij such that:
(τ¯a)ij = [(τa)ij ]
∗ =
1
2
εijkl(τa)kl
(τa)ij(τ¯
b)jk + (τ b)ij(τ¯
a)jk = −2δikδab (7)
Besides, we will need fifteen matrices
{
Σ[ab]
}
i
j =
1
2
[
(τa)ik(τ¯
b)kj − (τ b)ik(τ¯a)kj
]
(8)
which are generators of the group O(6) ≈ SU(4). Let us recall, that we use the γ-matrix rep-
resentation where majorana spinors are real, so that in all expressions with spinors (including
matrices τa and Σab) matrix γ5 plays the role of imaginary unit i. This leads, e.g.:
γµ(τ
a)ij = (τ¯
a)ijγµ, (Σ
ab)i
jγµ = −γµ(Σab)ji (9)
The Lagrangian (4) is invariant under the following local supertransformations:
δeµr = i(Ψ¯µγrη)
δΨµ = 2Dµη +
i
4K¯z
(σA)Φaτ
aγµη
δAµ
A = (Ψ¯µK¯zΦa
Aτ¯aη)− i(λ¯αγµΦaτ¯aK¯αη) + i(Ω¯AγµK¯zη)
2
δΩA = − 1
2Kz¯
[
(σA)A + Φa
AΦa
B(σA)B
]
η − iDˆΦaAτ¯aη (10)
δλα =
1
4K¯z
εαβz
β(σA)Φaτ¯
aη − iDˆzαη
δΦa = (Ω¯τ¯
aη) δz¯α = 2(λ¯αη)
Now we can switch on a non-abelian gauge interactions. As usual, we will assume that
fields Φa
A, ΩA Aµ
A are transformed under the adjoint representation of some gauge group
G with structure constants fABC . In this, we have to replace all the derivatives by covariant
ones, e.g.:
∂µΦa
A → DµΦaA = ∂µΦaA − fABCΦaBAµC
∂µΩ
A → DµΩA = ∂µΩA − fABCΩBAµC (11)
Aµν
A = ∂µAν
A − ∂νAµA − fABCAµBAνC
Then, in order to restore the invariance of the Lagrangian spoiled by such replacement, one
have to introduce the following additional terms to the Lagrangian:
∆L = fABC{ 1
24
Ψ¯µσ
µν Γ¯ABC(zK¯)Ψν +
i
12
(Ψ¯γ)ΓABCKαλα +
1
2
λ¯αK
αΣABΩC +
+
i
4
(Ψ¯γ)ΣAB(z¯K)ΩC − 1
2
Ω¯A(z¯K)τ¯aΦa
BΩC +
1
24
Ω¯DΓ¯ABC(z¯K)ΩD} −
−|z¯K|2
{
1
4
(fABCΦa
AΦb
B)2 +
1
6
(fΦaΦbΦc)
2
}
, (12)
as well as complete the supertransformation laws with:
δ′Ψµ = − i
12
γµf
ABCΓ¯ABC(zK¯)η
δ′ΩA = −1
2
(zK¯){fABC + ΦaAΦaDfDBC}ΣBCη (13)
δ′λα = − 1
12
εαβz
β(z¯K)fABC Γ¯ABCη
Here we introduce the notations:
ΣAB = Φa
AΦb
BΣab ΓABC = Φa
AΦb
BΦc
CΓabc (14)
where matrices (Γabc)ij , which are antisymmetric on a, b, c and symmetric on i, j, are deter-
mined by the relation:
(Γ[abc])(ij) = (τ
[a)ik(τ¯
b)kl(τ c])lj (15)
As in the N = 3 supergravity case, global symmetry group O(6, m) is non-compact,
so one can consider a lot of different gaugings in this theory. The first class consists of
usual non-abelian gaugings with the gauge groups like O(3)⊗O(3)⊗H , O(3)⊗O(2, 1)⊗H ,
O(3)⊗O(3, 1)⊗H and so on, where H is some compact group. In general such a gauging leads
to the non-zero value of a cosmological term, but in some cases cosmological term can be fine
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tuned to zero by ajusting the values of different gauge coupling constant. One of the most
interesting models of this type is the one constructed in [11], which gives N = 4 → N = 1
breaking.
The second class of models corresponds to the possibility to have a gauge group which
contains translations as well as rotations. An example of such gauging was constructed some
time ago [12] and appeared to be the first (as far as we know) model giving spontaneous
supersymmetry breaking with two arbitrary scales. But the gravitini masses turn out to be
µ1 = µ2 = (m1 +m2)/2 and µ3 = µ4 = (m1 −m2)/2, so that only N = 4 → N = 2 partial
Higgs effect is possible.
The last possibility is the ”abelian” gaugings corresponding to pure translations similar
to the model we have constructed for the N = 3 supergravity [13]. But in the N = 4 case
such models give non-zero value of a cosmological term.
3 Dual version
In this section we are going to construct the dual version which will be the generalization of
the hidden sector [10] to the case of arbitrary number of vector multiplets. The crucial point
is that as the scalar field geometry remains unchanged we may use all the terms without
vector fields from the previous section. Let us start by rewriting the corresponding parts of
the Lagrangian (4) and supertransformations (10) in terms of independent spinor and scalar
fields. For that purpose we introduce a kind of light cone variables:
Φa
A = (xa
m + Eam, xa
m − Eam, φaAˆ), a,m = 1, 2, ...6 (16)
Now, by introducing a new field
pimn = (E−1)amxa
n − (E−1)anxam (17)
we can solve the constraint (2) for xa
m:
xa
m =
1
4
(2δa
m + ΦaAˆΦb
Aˆ)(E−1)bm +
1
2
Eanpi
nm, (18)
Besides, in order all the scalar fields kinetic terms to be diagonal, one have to make a change
Φa
Aˆ → EamΦmAˆ.
Analogously, we solve the constraints (2) for spinor fields introducing new fields ΩA =
(ξm + χm, ξ
m − χm,ΩAˆ). This gives:
ξm = −(E−1)amxanχn + 1
2
ΦmAˆΩAˆ. (19)
Here two changes of variables χm → 1√2Eamχa and Ω→ (Ω + Φmχm) are necessary to have
canonical kinetic terms for spinors.
Now we are ready to rewrite all the terms without vector fields in our new variables. Let
us start with the hidden sector, the part of the Lagrangian without matter fields ΦmAˆ and
4
ΩAˆ:
L1 = −1
2
R +
1
2
DµzDµz¯ +
1
2
(S+µ )
2 +
1
2
(Pµ)
2 +
+
i
2
εµναβΨ¯µγ5γν
{
Dα +
1
4
(S−α + Pα)abΣ
ab
}
Ψβ +
+
i
2
χ¯aγµ
{
δabDµ − (S−µ − Pµ)ab +
1
4
δab(S
−
µ + Pµ)cdΣ
cd
}
χb +
+
i
2
λ¯αγ
µ
{
Dµ − 1
4
(S−µ + Pµ)abΣ
ab
}
λα −
−1
2
λ¯αγ
µγνDνz
αΨµ − 1
2
χ¯aγµγν(S+ν + Pν)abτ¯
bΨµ (20)
where we have introduced the following notations:
(S±µ )ab =
1
2
(∂µEam(E
−1)b
m ± (a↔ b))
(Pµ)ab = Eam∂µpi
mnEbn (21)
The corresponding part of the supertransformations (10) has the form:
δΨµ = 2Dµη +
1
2
(S−µ + Pµ)abΣ
abη
δχa = −iγµ(S+µ + Pµ)abτ¯ bη δλα = −iγµDµzαη
δz¯α = 2(λ¯αη) δEam = (χ¯
bEbmτ¯
aη) (22)
δpimn =
1
2
(χ¯a
[
(E−1)a
m(E−1)b
n − (E−1)bm(E−1)an
]
τ¯ bη)
Note, that all the derivatives are the U(1)-covariant ones and contain (z¯∂µz) terms in ac-
cording to (3).
Part of the Lagrangian (4) with matter fields looks like:
L2 =
1
2
EamEan∂µΦ
m∂µΦ
n +
i
2
Ω¯γµ
{
Dµ +
1
4
(S−µ + Pµ)abΣ
ab
}
Ω−
−iχ¯aγµEam∂µΦmΩ− 1
2
Ω¯γµγνEam∂νΦ
mτ¯aΨµ (23)
and the corresponding supertransformations:
δΩ = −iγµEam∂µΦm barτaη δΦm = Ω¯(E−1)amτ¯aη (24)
δpimn = −1
2
Ω¯[Φm(E−1)a
n − Φn(E−1)am]τ¯aη
In this, the expression for the (Pµ)ab takes the form:
(Pµ)ab = Eam[∂µpi
mn +
1
2
(Φm
↔
∂µ Φ
n)]Ebn (25)
The essential part of the dual version is the hidden sector [10]. Note that our current
notations differ from whose used in [10]. The main difference is that for the non-linear σ-
model SU(1, 1)/U(1) we use doublet of scalar fields zα, satisfying the constraint (1). Besides,
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let us denote twelve vector fields as (Aµ)m
αˆ, αˆ = 1, 2. In this, part of the Lagrangian
containing vector fields will have the form:
L3 = −1
4
UaµνU
∗a
µν −
1
2
pimn(A˜µν)m
αˆεαˆβˆ(Aµν)n
βˆ − i
4
√
2
χ¯aγµ(σU)aΨµ −
− 1
4
√
2
Ψ¯µ(U
a
µν − γ5U˜aµν)τ¯aΨν −
i
8
√
2
λ¯αγ
µεαβz
β(σU∗)aτ¯aΨµ −
−λ¯αεαβ z¯β(σU)aχa + 1
8
√
2
χ¯a(σU∗)bτ¯ bχa (26)
and the appropriate part of the supertransformations:
δΨµ =
i
4
√
2
(σU∗)aτaγµη
δ(Aµ)m
αˆ =
Ema√
2
{
(Ψ¯µτ¯
azαGα
αˆη) + i(χ¯aγµz
αGα
αˆη)− i(λ¯αγµτ¯aGααˆη)
}
δχa =
1
2
√
2
(σU)aη δλα =
1
4
√
2
εαβz
β(σU∗)aτ¯aη (27)
Here we introduced the following notation:
Uaµν = (E
−1)mazαH¯α
αˆ(Aµν)m
aˆ, (28)
while matrices G and H have the form:
Gα
αˆ =
1√
2
(
1 γ5
1 −γ5
)
, Hααˆ =
1√
2
(
1 −γ5
1 γ5
)
, (29)
They satisfy the following useful relations:
εαβG¯
βαˆ = Gα
αˆ, εαβH¯β
αˆ = −Hααˆ, H¯ααˆGβαˆ = −εαˆβˆ
G¯ααˆGα
βˆ = −γ5εαˆβˆ, HααˆH¯αβˆ = −γ5εαˆβˆ , HααˆGαβˆ = δαˆβˆ (30)
Now let us turn to the matter fields. Having in our disposal all the terms without
vector fields it is a relatively easy task to complete the Lagrangian using ordinary Noether
procedure. It turns out that the only additional terms to the Lagrangian are:
L4 =
1
2
Ω¯Aˆ
1
|Kz¯|2{(σV )
Aˆ + (σC)Aˆ}Kαλα + 1
8
√
2
Ω¯Aˆ(σU¯)aτ¯aΩAˆ +
+
i
4
Ω¯Aˆγµ
1
Kz¯
{(σV )Aˆ + (σC)Aˆ}Ψµ −
− 1
4|Kz¯|2 (V
Aˆ
µν + C
Aˆ
µν)
2 +
γ5
4
[
M¯z
K¯z
− h.c.
]
(CAˆµν)
2 −
−1
4
(V Aˆµν + 2C
Aˆ
µν)W˜
Aˆ
µν (31)
and to the supertransformations, correspondingly:
δΩAˆ = − 1
2Kz¯
{(σC)Aˆ + (σV )Aˆ}η
δCAˆµ = i(Ω¯
Aˆγµ(K¯z)η) + i(χ¯
aγµEamΦ
mAˆ(K¯z)η) + (32)
+(Ψ¯µτ¯
aEamΦ
mAˆ(K¯z)η)− i(λ¯αγµK¯ατ¯aEamΦmAˆη),
6
where Kα Mα are the same as in the (4) and we have introduced:
V Aˆµν =
1√
2
{(Kz¯)Uaµν + (K¯z)U∗aµν}EamΦmAˆ
W Aˆµν =
γ5√
2
{(K¯z)U∗aµν − (Kz¯)Uaµν}EamΦmAˆ (33)
4 Supersymmetry breaking
Thus we have managed to construct the dual version of the N = 4 supergravity — vector
multiplets system which indeed generalize our hidden sector [10] to the case of arbitrary
number of vector multiplets. As we have already mentioned, the scalar field geometry are
the same as in the ordinary version, but the global symmetry of the Lagrangian and the
transformation properties of the vector fields differ in these two models. Now, instead of
O(6, m) group, we have O(m − 6) ⊗ GL(6) global symmetry, as well as fifteen translations
pimn → pimn + Λmn, under which all the vector fields are inert. Therefore, by analogy with
the N = 3 case, one can try to introduce the masses of the vector fields (Aµ)m
αˆ by using
pimn as Goldstone fields and replacing
∂µpi
mn → ∂µpimn −Mmnpαˆ (Aµ)pαˆ (34)
The only difficulty that arises here is related to the ”axion” term 1
2
pimnεαˆβˆ(A˜µν)m
αˆ(Aµν)n
βˆ
in the Lagrangian. It can be completed to a gauge invariant expression only provided the
tensors Mmnpαˆ are fully skew-symmetric in their indices. Besides, as will become clear below,
one has to impose the condition
Mmnpαˆ = −
1
6
εαˆβˆεmnpqrsM qrs
βˆ
(35)
In this the gauge invariant combination has the form
1
2
pimnεαˆβˆ(A˜µν)m
αˆ(Aµν)n
βˆ +
2
3
Mmnpαˆ εβˆγˆ(Aµ)p
αˆ(Aν)m
βˆ(A˜µν)n
γˆ (36)
which corresponds to the self-interaction of abelian massive vector fields!
As usual, substitution (34) breaks the invariance of the Lagrangian under the supertrans-
formations. To compensate for this noninvariance, it is necessary to complete the Lagrangian
of the hidden sector with
L′ = −1
6
(z¯K¯)αˆQαˆabcQ
βˆ
abc(zK)
βˆ +
1
72
εabcdefεαˆβˆQ
αˆ
abcQ
βˆ
def +
+
1
24
√
2
Ψ¯µσ
µν(zK)αˆQαˆabcΓ¯
abcΨν +
i
4
√
2
Ψ¯µγ
µ(z¯¯)αˆQαˆabcΣ
abχc +
+
i
12
√
2
Ψ¯µγ
µQαˆabcΓ
abcK¯ααˆλα − 1
2
√
2
χ¯aQαˆabc(z¯K¯)
αˆτ¯ bχc +
+
1
24
√
2
χ¯dQαˆabcΓ¯
abc(z¯K¯)αˆχd +
1
2
√
2
λ¯αK¯
ααˆQαˆabcΣ
abχc (37)
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where the following notation is introduced:
Qαˆabc = EamEbnEcpM
mnp
αˆ (38)
In this the total Lagrangian is invariant under supertransformations with additional terms
of the form
δ′Ψµ = − i
12
√
2
γµ(zK)
αˆQabcΓ¯
abcη
δ′χa = − 1
2
√
2
(zK)αˆQ∗abcΣbcη (39)
δ′λα = − 1
12
√
2
εαβz
β(z¯K¯)αˆQαˆabcΓ¯
abcη
As for the matter fields, it turns out that no new terms in the supertransformations
appear, while the Lagrangian have to be completed with the only new term
1
24
√
2
Ω¯Aˆ(z¯K¯)αˆQαˆabcΓ¯
abcΩAˆ (40)
So far, we have not given the tensorsMmnpαˆ explicitly. Clearly, in the general case one gets
a family of tensors related via the O(6) - transformations. It would be convenient to choose
a parameterization in which the gravitino mass matrix is diagonal. Then in the concrete
representation of τ -matrices (see the Appendix) one has
Mmnp1 = m1δ
[m
1 δ
n
2 δ
p]
3 +m2δ
[m
1 δ
n
5 δ
p]
6 +m3δ
[m
2 δ
n
4 δ
p]
6 −m4δ[m3 δn4 δp]5 (41)
Here the gravitino masses turn out proportional to the combinations


m1 +m2 +m3 +m4
m1 −m2 −m3 +m4
m1 −m2 +m3 −m4
m1 +m2 −m3 −m4

 (42)
Analysing potential (the first two terms in the (37)), one can show that its minimum cor-
responds to < z0 >= 1, < z1 >= 0, (Eam = δam). Besides, by virtue of the properties (35)
and (44), the value of the potential at the minimum equals zero which corresponds to the
absence of a cosmological term.
Hence, the theory constructed really admits a spontaneous supersymmetry breaking with-
out a cosmological term and with four arbitrary scales, including the partial super-Higgs
effect N = 4 → N = 3, N = 4 → N = 2 and N = 4 → N = 1. But, due to the constraint
(35), which is essential for the absence of the cosmological term, vacuum expectation value
of (z¯K¯)αˆQαˆabc turns out to be zero and the spontaneous supersymmetry breaking does not
lead to the appearance of the matter field mass terms.
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5 Conclusion
Thus we have seen that in the ”minimal” version for N = 4 supergravity with matter till
now no one have managed to construct a fully satisfactory model i.e. the model which gives
spontaneous supersymmetry breaking with different scales, a zero value for cosmological term
without fine tuning and the possibility to have partial super-Higgs effect N = 4 → N = 1.
The dual version, constructed in this paper, indeed has all these desired properties but failed
to generate soft breaking terms for matter fields. Let us stress, however, that in both cases
there exist a lot of possible gaugings, which have not been fully explored so far.
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AWe have used the following τ -matrix representation
τ 1 =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

 τ 4 =


0 0 0 γ5
0 0 −γ5 0
0 γ5 0 0
−γ5 0 0 0


τ 2 =


0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0

 τ 5 =


0 0 γ5 0
0 0 0 γ5
−γ5 0 0 0
0 −γ5 0 0

 (43)
τ 3 =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 τ 6 =


0 −γ5 0 0
γ5 0 0 0
0 0 0 γ5
0 0 −γ5 0


Here the matrices Γabc satisfy the relation
Γabc =
1
6
γ5ε
abcdefΓdef ] (44)
In this representation, the following matrices are diagonal:
Γ123 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 Γ156 =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1


Γ246 =


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 Γ345 =


−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

 (45)
as well as the matrices Γ456, Γ234, Γ135 and Γ126 related with them through relation (44).
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